The di usion constant and the Lyapunov exponent for the spatially periodic Lorentz gas are evaluated numerically in terms of periodic orbits. A symbolic description of the dynamics reduced to a fundamental domain is used to generate the shortest periodic orbits. Applied to a dilute Lorentz gas with nite horizon, the theory works well, but for the dense Lorentz gas the convergence is hampered by the strong pruning of the admissible orbits.
Introduction
The Lorentz gas 1] is one of the simplest nontrivial models of deterministic di usion. Di usion of a light molecule in a gas of heavy scatterers is modelled by a point particle in a plane bouncing o an array of re ecting disks. As a billiard built up completely of concave surfaces and as a pure hyperbolic system, the Lorentz gas is a good candidate for description in terms of cycle expansions 7] .
This might seem a hopeless task, as one has to deal with all periodic and aperiodic solutions of an in nitely extended system. An approach based on larger and larger nite portions of the system is described in ref. 3] , with the di usion constant related to the escape rates from such nite portions. As far as escape rates are obtained in direct numerical simulations this approach has been shown to be e ective 17]. However, from the cyclists point of view where the rates are calculated from the periodic orbits, this approach is impractical; with each added disk new peculiarities arise in the enumeration of periodic orbits, and with current methods there is little hope of getting results for more than a few disks, and no hope of approaching the desired scaling limit.
A recent approach, introduced in ref. 5 ] and tested in this paper, exploits the fact that the periodic Lorentz gas can be constructed by putting together translated copies of an elementary cell. Therefore quantities characterizing global dynamics, such as the Lyapunov exponent and the di usion constant, can be computed from the dynamics restricted to the elementary cell.
The Periodic Lorentz Gas
In the periodic Lorentz gas 1] a point particle re ects elastically o a periodic array of re ecting disks in a plane. The system can be thought of as an unfolding of the Sinai billiard 2]. The standard di usion constant can be de ned if the particle has a bounded free path between any two successive bounces. An example is a triangular array with su ciently small interdisk spacing. Unfortunately, as we shall see, the same mechanism that guarantees a nite horizon also leads to rather awkward pruning of periodic orbits.
Machta and Zwanzig 6] have given numerical results for the di usion constant in Lorentz gases, as well as estimates based on a random walk approximation.
We shall follow their notation and x the radius of the disks to 1, assume unit particle speed, and denote the spacing between the disks by w (see g. 1). The horizon is nite for w < 4= p 3 ? 2 = 0:3094 : : :.
Di usion
In this section we brie y review the derivation of a formula for the di usion coe cient of a spatially periodic system in terms of the periodic orbits in an elementary cell, originally given in ref. 5] (which contains a more detailed treatment together with considerations about the discrete symmetries and a reduction of the dynamics to a fundamental domain).
The method applies to any hyperbolic dynamical system that is a periodic (2) where the average is over all x 2 M.
The di usive properties follow by studying
and its derivatives at = 0. Clearly Q(0) = 0, and if by symmetry all odd derivatives vanish (i.e. there is no drift), the second derivatives
yield a (generally anisotropic) di usion matrix. The spatial di usion constant is then given by
where the i sum is restricted to the spatial components q i of the phase space
The basic ingredient of this approach is the reduction of the average (3) (8) In this way the global^ t ow averages can be computed by following the ow t restricted to the elementary cell M. As is well known 16], the t ! 1 limit of such averages can be recovered by means of transfer operators. The eq. (8) suggests that we study the operator L t whose kernel is given by
wherex t =^ t (x) 2M, but x; x t ; y 2 M. It is straightforward to check that this operator has the semigroup property, R M dzL t 2 (y; z)L t 1 (z; x) = L t 2 +t 1 (y; x) . The quantity of interest (3) is given by the leading eigenvalue of L t , 0 = e tQ( ) . In particular, for = 0, the operator (9) is the Perron-Frobenius operator, with the leading eigenvalue 0 = 1 (the probability conservation).
To evaluate the spectrum of L, consider 
where the product runs over the set P of prime cycles.
Generalization to continuous time 11, 14] 
with p = Q e p;e the product of the expanding eigenvalues of J p .
The rst main result of ref . 5] is that the function Q( ) of eq. (3) is the largest solution of the equation Z( ; Q( )) = 0 (or equivalently, of 1= ( ; Q( )) = 0). The di usion constant (5) is given by
with sums as in (15) . The beauty of this formula is that even though the global trajectory is in general not periodic,n p 6 = 0, the reduction to the elementary cell enables us to compute the desired quantity in the usual way, in terms of periodic orbits.
Apart from the di usion constant we will compute Lyapunov exponents and test the probability conservation. Because it involves derivatives of zeta functions the formula for the largest Lyapunov exponent takes a similar form as the one for the di usion constant above (17 
In this formula p = ln j p j denotes the stability exponent of a cycle. Note that all quantities involved here are invariant under the symmetries of the lattice.
A simple example: A chain of Baker's maps
Some con dence can be gained at this point by applying the above formula (17) to a trivial system, a chain of coupled baker maps studied in 4]. In this case there are only four xed points, all with stability p = 1=2, two of which give rise to the translationsn p = 1. As the system is uniformly hyperbolic, all curvature terms are identically zero, and the xed points substituted into (17) yield immediately the correct result D = 1=4.
Dynamics in the Elementary Cell
Unfolding a periodic orbit in the elementary cell can result either in a closed orbit in the whole lattice or in a segment of some translational movement. According to the above result (17) the di usive properties of the system follow from the relation between the closed and the translating orbits.
Since the system is closed the escape rate is zero. Therefore the dynamical zeta function (eq. (14) The periodic orbits in the elementary cell can be found in a systematic way.
Starting at a given disk, the trajectory can reach any of the neighboring twelve disks in the next bounce. A symbolic dynamics is obtained by labelling these displacements anticlockwise with numbers 0 to 11. When 0 denotes a ight between disks which are nearest neighbors all even numbers do so. For any spacing there is an obvious pruning rule that motion in the same direction cannot be repeated twice in a row because the particle cannot cross a disk. In fact, for the dense gas considered here, the direction has to change at least by two units after each bounce. After a long ight (odd label) the change has to be at least 3.
The cycles corresponding to a given symbol sequence can now be found e.g.
by minimizing the length of a path visiting the disks according to the symbols.
Although the discrete C 6v symmetry of the elementary cell is not exploited in the di usion formula, it can be used to reduce the necessary computational e ort.
The images of a cycle under rotation and re ection do not have to be computed separately. Nevertheless the huge number of symbols drastically restricts the maximal cycle length attainable in numerical calculations. Table 1 shows the results obtained for a spacing of w = 0:3. Note that because of the pruning rule there cannot be a xed point with these symbols.
As mentioned above a lot of orbits turn out to be forbidden when the required nite horizon is achieved by making the spacing between disks small enough. This is immediately re ected in the fact that the number of orbits does not increase by a factor of eleven each time the length is increased. Indeed, for the cycles computed so far, the average factor is less than four. So very poor convergence of cycle expansions has to be expected. With this in mind the numbers given in table 1 are in a reasonable accord with the probability conservation and also not a disaster for the Lyapunov exponent (compare with the more accurate estimates of table 5). Nevertheless, the estimates of the di usion constant up to the number of cycles employed so far do not show any convergence at all. They seem to be more sensitive to the bad shadowing than the Lyapunov exponent and the probability conservation.
Dilute Lorentz gas
In order to test the di usion formula under less trying conditions, we eliminate pruning by making the spacing between disks larger, and imposing the nite horizon by at; in this section we consider the measure zero subset of those orbits which after each bounce travel only to one of the nearest or next nearest disks. This set is a Cantor set repeller, and the probability is not conserved.
Estimates of the Lyapunov exponent and the di usion constant for trajectories restricted to this set are given in table 2.
As the set is not the full set of orbits contributing to di usion, there are no results obtained by other means that these numbers could be compared with.
Encouragingly, the di usion constant exhibits reasonable convergence, supporting the claim that the cycle expansion formula is in principle convergent, but for high density of scatterers the convergence is adversely a ected by the strong pruning of the allowed orbits.
Reduction to the Fundamental Domain
In 5] some e ort is made to derive a di usion formula similar to (17) Christiansen 8] had originally proposed to denote symbols`f' and`F' by the same letter, thus reducing the size of the alphabet. We prefer to use instead the two letters together with the pruning rule that`f' can only follow an uppercase letter (i.e. a long segment) and`F' only a lowercase letter. The symbols given to an orbit by this scheme are invariant under all spatial symmetries of the system but not under the time reversal.
Of the possible twelve symbols,`A',`B',`f' and`F' are pruned as soon as the horizon gets nite. Among the remaining symbols there is still strong pruning, re ected in the fact that for w = 0:3 the number of cycles of symbol length n does not grow like 8 n but roughly as 3 n . Figure 5 shows all the fundamental domain xed points which are not pruned at w = 0:3 together with an example of a pruned xed point. Table 4 gives some impression of the pruning involved. In order that longer orbits be shadowed by shorter ones, for every combination of two symbols a twocycle, and the xed points corresponding to each of the symbols should exist.
Two-cycles such as`ac',`aC', : : : are missing while corresponding \shadowing"
pseudo-cycles`a c',`a C' exist, and conversely, two-cycles occur where one of the symbols has no corresponding xed point (e.g. the symbol`d' in`ad'). So shadowing seems to be largely disfunctional, at least as long as nite approximate Figure 2 A portion of a chaotic trajectory with about 300 bounces is shown.
Although the particle is often trapped between neighboring disks for several bounces, there are also segment of the trajectory which take the particle over a large distance with few bounces. 
